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We derive the low-energy theory of semi-quantized quantum Hall states, a recently observed class
of gapless bilayer fractional quantum Hall states. These states feature gapless topological order-like
properties, including gapless composite quasiparticles of fractional charge coupled to an emergent
gauge field. While electrons are gapped, these composite quasiparticles lead to perfect interlayer
drag. Semi-quantized quantum Hall states may furthermore enter non-Fermi liquid phases, and
serve as versatile parent states for fully gapped topological phases hosting anyonic excitations.
Introduction. In recent years, topology has widely been
recognized as an important organizing principle in na-
ture. In its most simple form, topology allows to classify
bandstructures of gapped, non-interacting systems. The
role of an order parameter is played by so-called topolog-
ical invariants: two systems can be smoothly deformed
into one another if their topological invariants have iden-
tical values. In contrast, topologically distinct phases are
separated by the closing and re-opening of a bulk gap.
This basic notion of topology has been extended in dif-
ferent ways. Gapless systems, for instance, can be topo-
logical in a generalized sense. A prime example are Weyl
semimetals whose band structures have nodal points cor-
responding to quantized monopoles of Berry flux. As a
result, Weyl semimetals exhibit many of the character-
istics of gapped topological phases, including topological
edge states, and transport governed by quantum anoma-
lies. A second important extension of the basic notion
of topology has been to strongly interacting systems. Of
particular importance is the concept of topological order
[1, 2], realized for example in fractional quantum Hall
effects. Topologically ordered state have no analogue
in non-interacting systems, exhibit long-range entangle-
ment, fractional anyonic quasiparticles, and a topological
ground state degeneracy on non-trivial manifolds.
While topological order requires a bulk gap, related
phenomena have also been discussed in gapless systems
such as the composite Fermi liquid in a half-filled Lan-
dau level, gapless quantum spin liquids, quantum Hall
states related to non-unitary or nonrational conformal
field theories, fractional Weyl semimetals, and others (see
for example Refs. [3–53]). A recent experiment has now
identified a state that combines properties of a fractional
quantum Hall effect with a gapless character [54]. This
“semi-quantized quantum Hall state” has been measured
in a bilayer quantum Hall system. Similar to a fractional
quantum Hall state, it features quantized fractional Hall
and Hall drag resistances alongside vanishing longitudi-
nal resistances. In stark contrast to traditional bilayer
quantum Hall states such as Halperin states [2, 55, 56],
however, the semi-quantized quantum Hall state persists
along a continuous line of filling factors. This compress-
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FIG. 1. A semi-quantized quantum Hall state in a quantum
Hall bilayer. The top layer is similar to a Laughlin state at
filling factor 1/K↑↑, featuring a bulk gap and gapless edge
states (indicated by red arrows). Gapless quasiparticles (QP)
are composed of an electron in the bottom layer glued to
Laughlin-like quasiholes in the top layer by strong interlayer
interactions. B is the magnetic field, ℓz the layer distance.
ible behavior implies the absence of a full bulk gap.
In this work, we derive and analyze the full low-energy
theory of semi-quantized quantum Hall states using the
formalism of coupled-wire constructions (CWCs) [57].
Our microscopic derivation of the topological field the-
ory governing these states goes significantly beyond the
composite fermion picture of Ref. [54], but agrees with it
where we overlap. Focussing on composite fermion fill-
ing factor one for simplicity, we find that semi-quantized
quantum Hall states are composed of a gapped Laughlin-
like sector coupled to fractionally charged, gapless quasi-
particles via an emergent gauge field, see Fig. 1. Our
microscopic construction allows us to translate observ-
ables between the languages of the effective low-energy
field theory and the original electronic operators, which
we use to analyze the intriguing properties of semi-
quantized quantum Hall states. Transport exhibits per-
fect interlayer drag and violates the Wiedemann-Franz
law. While being globally gapless, semi-quantized quan-
tum Hall states show a gapped electronic spectrum. Fully
gapped states deriving from semi-quantized quantum
Hall states inherit their topologically non-trivial char-
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FIG. 2. The coupled-wire bilayer model. Each wire is labeled
by a wire number j and a layer index σ =↑, ↓, the distance
between adjacent wires within a layer is ℓy.
acter. As a result, even a simple charge-density wave
gapped daughter state hosts anyonic excitations.
Microscopic coupled-wire model. Our analysis starts by
deforming the bilayer of two-dimensional electrons mea-
sured in the experiment [54] into a bilayer of quantum
wires, see Fig. 2. This transformation leaves topologi-
cal properties of Hall effects invariant [57]. Neighboring
wires within a layer, spaced by ℓy, are weakly tunnel-
coupled, but there is no tunnelling between the layers.
Each wire hosts a single electronic band. Using Landau
gauge, the dispersion of the j-th wire in layer σ =↑, ↓
is Ejσ(kx) = (kx + bj)2/2m with b = eBℓy. Here, m is
the effective mass, e < 0 denotes the electron charge, and
B > 0 is the magnetic field [58]. At low energies, only the
right-moving and left-moving modes close to the Fermi
level are important. The electronic operators can then be
decomposed as ψjσ ≈ eikF,RjσψRjσ + eikF,LjσψLjσ, where
ψrjσ annihilates a right (r = R) or left (r = L) mover.
Considering identical filling of all wires within a layer,
the Fermi momenta can be written as kF,rjσ = b j+ rˆ k
0
Fσ
with Rˆ = +1 and Lˆ = −1. The electronic density per
layer is ρσ = k
0
Fσ/πℓy, which translates to filling factors
νσ = 2k
0
Fσ/b. The non-interacting low-energy physics
can thus be modelled by the Hamiltonian
H0 = −ivF
∫
dx
∑
σ,j
[
ψ†Rjσ∂xψRjσ − ψ†Ljσ∂xψLjσ
]
, (1)
where vF denotes the Fermi velocity. Following
Ref. [59], we bosonize the chiral modes as ψrjσ =
(Urjσ/
√
2πα) exp{−iΦrjσ}. Here, α−1 is a large mo-
mentum cutoff, while Urjσ is a Klein factor that can
safely be ignored in the remainder [60, 61]. The bosonized
fields obey [Φrjσ(x),Φr′j′σ(x
′)] = δrr′δjj′δσσ′ iπrˆ sgn(x−
x′), and relate to density fluctuations as ρrjσ −
〈ρrjσ〉 = − rˆ2π ∂xΦrjσ (these chiral fields are of-
ten represented as Φrjσ = rˆφjσ − θjσ). After
bosonization, the non-interacting Hamiltonian becomes
H0 =
vF
2π
∫
dx
∑
j,σ
[
(∂xφjσ)
2 + (∂xθjσ)
2
]
. Electron-
electron interaction modify this Hamiltonian in two ways:
scatterings that do not transfer particles between chiral
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FIG. 3. Correlated inter-wire backscattering stabilizing a
semi-quantized quantum Hall state. Arrows indicate tun-
nelling between and backscattering within wires. The num-
bers of scattered electrons is indicated besides each arrow.
channels (forward scatterings) change vF to effective ve-
locities. Other interactions (backscatterings) open gaps.
As was shown experimentally, semi-quantized quan-
tum Hall states form by a partial gap closing in Halperin
bilayer states [54]. In the language of CWCs [56],
Halperin bilayer states are the strong-coupling phase of
two families of correlated inter-wire backscatterings (one
per layer). These backscatterings can only be relevant
in the renormalization group (RG) sense if they conserve
momentum. Each family of backscatterings thus imposes
one condition on the fillings, which in turn completely de-
termines the filling factors (ν0↑ , ν
0
↓) of a given Halperin bi-
layer state. If the filling factors are detuned from (ν0↑ , ν
0
↓),
the system can enter a semi-quantized quantum Hall
states for combinations of filling factors at which one, but
not both families of backscatterings preserve momentum.
In the remainder, we consider the correlated inter-wire
backscatterings in the top layer to preserve momentum.
As illustrated in Fig. 3, this process corresponds to an
electron tunnelling between wires j and j + 1 in the top
layer, while simultaneous backscatterings in wires j and
j+1 of both layers ensure momentum conservation. More
precisely, momentum is conserved if [56]
K↑↑ ν↑ +K↑↓ ν↓ = 1, (2)
where K↑↑ = 1+2m↑ and K↑↓ = n1+n2. In a bosonized
language, these backscatterings correspond to the sine-
Gordon Hamiltonian
Hg↑ =
∑
j
∫
dx gj+1/2 ↑ cos
(
Φ˜Rj↑ − Φ˜Lj+1↑
)
, (3)
where we have introduced the fields
Φ˜Rjσ = (1 +mσ)ΦRjσ −mσΦLjσ + n1(ΦRjσ¯ − ΦLjσ¯),
(4a)
Φ˜Lkσ = (1 +mσ)ΦLjσ −mσΦRjσ − n2(ΦRjσ¯ − ΦLjσ¯),
(4b)
with ↑¯ =↓ and vice versa. The values of m↑, n1
and n2 are set by the backscatterings, whereas m↓ is
3a free parameter that drops out at the end of the
calculation. These fields obey [Φ˜rjσ(x), Φ˜r′j′σ′(x
′)] =
δrr′δjj′Kσσ′ iπrˆ sgn(x − x′), where Kσσ′ are the entries
of a matrix K with K↓↓ = 1 + 2m↓ and K↓↑ = K↑↓.
We now switch to a more convenient covariant no-
tation [62], and keep track of small deviations A of
the electromagnetic potentials A from A1 = −eBy and
A0 = A2 = 0 in the gauge A1 = 0. Writing the unit of
charge in layer σ as qσ, with physical values q↑ = q↓ = e,
yields the action
S =
∑
j,σ
∫
d1+1x
[
1
π
(∂0θjσ + qσA0,j)(∂xφjσ)
− uσ
2π
(∂xφjσ)
2 − vσ
2π
(∂xθjσ)
2
− gj+1/2↑ cos
(
Φ˜Rjσ − Φ˜Lj+1σ + q↑ℓyA2,j+1/2
)]
(5)
where ℓyA2,j+1/2 =
∫
j→j+1 dy
′A2, while uσ and vσ de-
note effective Luttinger liquid velocities (both are of the
order of vF ). To derive the low-energy theory in the
strong-coupling phase ofHg↑, we now perform a sequence
of exact transformations. At first, we apply a compos-
ite boson transformation to the ↑-sector by attaching an
even number K↑↑ of flux quanta to each particle in that
sector. The corresponding fields can be further trans-
formed by applying a vortex duality transformation. As
has been shown in Refs. [63, 64], these two transforma-
tions combined amount to introducing the fields
φVCBj+1/2 =
Φ˜Rj↑ − Φ˜Lj+1↑
2
, (6a)
θVCBj+1/2 =
∑
j′
sgn(j′ − j − 1/2) Φ˜Rj′↑ − Φ˜Lj′↑
2K↑↑
. (6b)
We then attach K↑↓ inter-layer fluxes to the quasipar-
ticles in both layers using yet another exact transfor-
mation. Defining Θrj↓ =
∑
σ(K
−1)↓σ φ˜rjσ, we find this
transformation to be [65]
φ˜VCBj+1/2=φ
VCB
j+1/2, (7a)
θ˜VCBj+1/2 = −
K↓↑
K↑↑
∑
j′
sgn(j′ − j − 1/2) ΘRj′↓ −ΘLj′↓
2
+ θVCBj+1/2 (7b)
in the gapped ↑-sector, and
φ˜j↓=
ΘRj↓ −ΘLj↓
2
, (7c)
θ˜j↓=
−ΘRj↓ −ΘLj↓
2K−1↓↓
− K↓↑
K↑↑
∑
j′
sgn(j′ − j + 1/2)φVCBj′+1/2
+
K2↑↓
K↑↑
∑
j′ 6=j
sgn(j′ − j)ΘRj′↓ −ΘLj′↓
2
(7d)
in the gapless ↓-sector. These fields satisfy
[φ˜VCBj+1/2(x), θ˜
VCB
j′+1/2(x
′)] = δjj′
iπ
2 sgn(x
′ − x) =
[φ˜j↓(x), θ˜j′↓(x
′)], while all other commutators van-
ish. In terms of the new fields, the action in Eq. (5) has
an extremely non-local expression. A local theory can
be obtained at the expense of introducing an emergent
gauge field α whose spatial components satisfy
αj,1=− 1
K↑↑
∑
k′
sgn(j′ − j + 1/2) ∂xφ˜VCBj′+1/2
+
K↑↓
K↑↑
∑
j′ 6=j
sgn(j′ − j) ∂xφ˜j′↓ (8)
and αj,2 = 0. The temporal component αj,0 enters
the action as a Lagrange multiplier for the constraint in
Eq. (8). Further details on these exact transformations
can be found in the Supplemental Material [65].
Semi-quantized quantum Hall states correspond to the
strong-coupling phase of the sine-Gordon terms Hg↑.
At strong coupling, these sine-Gordon terms pin their
arguments to one of their minima (we choose Φ˜Rj↑ −
Φ˜Lj+1↑ = 2φ˜
VCB
j+1/2
!
= −q↑ℓ2A2,j+1/2 without loss of gen-
erality). The canonically conjugate fields θ˜VCBj+1/2 then ex-
hibit strong fluctuations. To find the effective low-energy,
we integrate out θ˜VCBj+1/2 and then expand the resulting
action to leading oder in spatial derivatives. The quasi-
particle current densities in the gapped ↑-sector are rep-
resented by deviations of φ˜VCBj+1/2 from its pinning values,
j0qp,j+1/2(x) = −∂x
φ˜VCBk+1/2 +
q↑ ℓ2
2 A2,k+1/2
πℓy
, (9a)
j1qp,j+1/2(x) = ∂t
φ˜VCBk+1/2 +
q↑ ℓ2
2 A2,k+1/2
πℓy
. (9b)
Since the fields φ˜j↓ and θ˜j↓ obey the canonical com-
mutator for the bosonized field of a fermionic the-
ory, we can furthermore refermionize the gapless sec-
tor by introducing the composite quasiparticle fields
ψCQPrj = exp{−i(rˆ φ˜j↓ − θ˜j↓)} [66]. The universal
topological low-energy theory corresponds the contin-
uum limit of our CWC in y-direction, in which dif-
ferences of fields in adjacent wires are replaced by a
y-derivative. Shifting the gauge field by introducing
4βµ = αµ −Aµ q↑K↑↑ , we obtain the final form of the ac-
tion as S =
∫
d2+1x
(∑
r LCQPr + LCQPint + LCS + LA
)
+∑
j
∫
d1+1xLg↑,j+1/2 with
LCQPr = ψ¯CQPr E˜r
(−i∂µ + q∗↓ Aµ −K↑↓ βµ) ψCQPr (10a)
LCS = −jµqp βµ +
1
4π
K↑↑ ǫ
µνλβµ ∂νβλ, (10b)
LA = − q↑
K↑↑
jµqpAµ −
q2↑
4π
1
K↑↑
ǫµνλAµ ∂νAλ. (10c)
We find that the gapless ↓-sector is described by a
non-universal Lagrangian
∑
r LCQPr +LCQPint for the gap-
less composite quasiparticles ψCQPr , in which the single-
particle energy E˜r and the interactions described by LCQPint
depend on system-specific details. The gapless composite
quasiparticles are minimally coupled both to the electro-
magnetic potential with a fractional charge
q∗↓ = q↓ −
K↑↓
K↑↑
q↑, (11)
and to the emergent gauge field β. The emergent gauge
field is governed by a Chern-Simons theory LCS. It phys-
ically derives from a Hall effect in the top layer, whose
gapless edge states carry the background Hall conduc-
tance encoded in LA. This Hall effect and the charges
of the gapped quasiparticles match a Laughlin state at
a filling of 1/K↑↑. Finally, the sine-Gordon terms in
their strong-coupling phase, contained in Lg↑,j+1/2 =
(−g↑,j+1/2) cos
(
2 φ˜VCBj+1/2+q↑ ℓ2A2,j+1/2
)
, encode the en-
ergy cost for quasiparticles in the gapped sector. As we
discuss in the Supplemental Material, Eq. (10) can also
be obtained from a composite boson theory in a con-
tinuum system [65, 67]. The explicit forms of the ex-
act transformations in our CWC, however, allow a direct
translation of various operators from the emergent gauge
theory into the language of the original electronic fields,
which we now use to further analyze our result.
Glueing electrons to fractional quasiparticles. Their
effective charge q∗↓ = q↓ − K↑↓K↑↑ q↑ suggests an interpreta-
tion of the gapless quasiparticles as composite objects
composed of electrons in the bottom layer and frac-
tional excitations in the top layer. Indeed, the CWC
of Laughlin states in Ref. [60] shows that the num-
ber density of Laughlin quasiparticles in a 1/K↑↑-state
is ρ
1/K↑↑
j+1/2 = −∂x
(
Φ˜n1=n2=0Rj↑ − Φ˜n1=n2=0Lj+1↑
)
/2πℓy, where
Φ˜n1=n2=0rj↑ is defined by Eq. (4b) with n1 = n2 = 0. Com-
bined with the density of electrons in the bottom layer,
ρj↓ =
∑
r ρrj↓, we find that
−∂x Φ˜Rj↑ − Φ˜Lj+1↑
2πℓy
= ρ
1/K↑↑
j+1/2 + n1 ρj↓ + n2 ρj+1↓. (12)
In its strong coupling phase, Hg↑ wants to pin Φ˜Rjσ −
Φ˜Lj+1σ to a constant value. A change of the bottom
layer electron density ρj↓ → ρj↓ + 1 thus constitutes an
excitation out of the ground state of Hg↑ unless we adapt
the Laughlin-like quasiparticle density in the top layer as
ρ
1/K↑↑
j+1/2 → ρ
1/K↑↑
j+1/2−n1 and ρ
1/K↑↑
j−1/2 → ρ
1/K↑↑
j−1/2−n2. Gapless
excitations of a semi-quantized quantum Hall state hence
correspond to electrons in the bottom layer glued to n1+
n2 = K↑↓ Laughlin-like quasiholes in the top layer.
Perfect interlayer drag as a transport signature. Semi-
quantized quantum Hall states respond to electric fields
Eσ applied to the two layers with an electric current com-
posed of three contributions. Using Si =
∫
d2+1xLi, the
gapless composite quasiparticles carry the layer-resolved
currents jµCQP,↓ = −
∑
r
δSCQPr
δAµ
q↓
q∗
↓
(the “electron part”)
and jµCQP,↑ = −
∑
r
δSCQPr
δAµ
(−K↑↓K↑↑
q↑
q∗
↓
) (the “glued quasi-
holes part”), while the background Hall current in the
top layer is jµ↑,Hall = − δSAδAµ . The total currents in the
two layers can thus be expressed as [65]
j↑,m =
1
2π
q2↑
K↑↑
(δmyEx,↑ − δmxEy,↑)
− σmnCQP
q↑
q↓
K↑↓
K↑↑
(
En,↓ − q↑
q↓
K↑↓
K↑↑
En,↑
)
, (13a)
j↓,m = σ
mn
CQP
(
En,↓ − q↑
q↓
K↑↓
K↑↑
En,↑
)
, (13b)
where m,n ∈ {x, y}, and with σmnCQP denoting a conduc-
tivity tensor determined by the non-universal scattering
mechanisms in the gapless sector.
In agreement with Ref. [54], we find that Eqs. (13) en-
code perfect interlayer drag. Consider for example driv-
ing a current only in the bottom layer. During its flow,
every electron there drags along the Laughlin-like quasi-
holes in the top layer to which it is glued. Reaching the
sample edge, the composite quasiparticle splits up. The
electron in the bottom layer leaves the sample and leads
to a net current. The quasiholes in the top layer enter
the gapless Laughlin-like edge channel, and flow back to
the other side of the sample. This edge current cancels
the bulk current in the top layer. The corresponding
population imbalance of the edges in the top layer trans-
lates to an electrochemical potential difference, and thus
to a Hall voltage. A similar argument shows that a Hall
current in the top layer induces a quantized Hall drag
voltage in the bottom layer [54, 65].
Spectral probes, interaction effects, and fully gapped
daughter states. Since the gapless quasiparticles are com-
posite objects, electronic spectral probes such as tun-
nelling spectroscopy exhibit a full gap. The size of the
gap is set by the glueing energy scale Hg↑ that needs to
be overcome when extracting an electron from the sam-
ple. Formally, the above exact transformations show that
the original electronic operator can be written as ex-
ponentials of Φrj↓ = (r φ˜
↓
j − θ˜↓j )− n1 θ˜VCBj+1/2 − n2 θ˜VCBj−1/2
[65], where an exponential of θ˜VCBj+1/2 indeed creates a
5gapped quasiparticle.
The action in Eq. (10) is closely related to the compos-
ite Fermi liquid theory proposed by Halperin, Lee and
Read [7]. In this context, interactions between gapless
composite quasiparticles mediated by an emergent gauge
field as in LCS were studied in detail. It was shown that
the combination of the Chern-Simons gauge-field medi-
ated interaction and additional density-density interac-
tions of short range can lead to non-Fermi liquid physics.
This will for example be heralded by a non-Fermi liq-
uid scaling of the resistivity with temperature [7, 68, 69].
Future work should extend these analyses by including
quasiparticles in the ↑-sector: if those are pinned to im-
purity sites, LCS states that these quasiparticles generate
non-trivial gauge-field disorder landscapes.
Fully gapped states deriving from semi-quantized
quantum Hall states, finally, also show tantalizing prop-
erties. Consider for example a charge-density wave
(CDW) gapping the composite quasiparticles. The non-
trivial character of semi-quantized quantum Hall states
is handed down to quasiparticles above the CDW gap in
two ways: they carry a fractional charge q∗↓ , and exhibit
anyonic braiding. Namely, the coupling to the emergent
gauge field results in a phase ϕ↓↓ = 2π
K2↑↓
K↑↑
for a braid of
two CDW-quasiparticles, while a braid between a CDW-
quasiparticle and a quasiparticle in the ↑-sector yields a
phase ϕ↓↑ = −2π K↑↓K↑↑ [65], in agreement with the physi-
cal picture of electrons glued to Laughlin-like quasiholes.
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Supplemental Material for “Microscopic theory of fractional excitations in gapless
bilayer quantum Hall states: semi-quantized quantum Hall states”
In this supplement, we provide a comparison between the coupled-wire construction presented in the main text, an
alternative derivation of the same low-energy action using a continuum theory, and the earlier theoretical picture used
in the report of the experimental observation of semi-quantized quantum Hall states. In addition, we detail some of
the intermediate steps in the sequence of exact transformations employed in our coupled-wire construction, and dwell
on the derivation of experimental responses.
CONTINUUM THEORY AND RELATION TO THE COMPOSITE FERMION PICTURE OF REF. [54]
In the study reporting their experimental observation, semi-quantized quantum Hall states are discussed in two-
dimensional continuum systems using a composite fermion picture [54]. In this section, we substantially extend that
analysis along the lines of a continuum Chern-Simons-Landau-Ginzburg theory using a composite boson picture [67]
to obtain the full low-energy theory, which is identical to the one discussed in the main text. The coupled-wire
construction detailed in the main text thus agrees with the discussion of Ref. [54] where they overlap. Comparing
the continuum theory discussed below with the coupled-wire construction of the main text, the latter is in some ways
more explicit, and for example has the advantage of a particularly direct translation between quantities in the final
low-energy theory and the original electronic operators (see main text).
We begin by summarizing the discussion of Ref. [54]. The flux attachment discussed there amounts to transforming
both layers to a composite fermion picture by attaching (K↑↑ − 1) intralayer fluxes to each electron in the top layer,
and K↑↓ interlayer fluxes to all electrons, with the flux quantum being Φ0 = 2π/(−e), K↑↑ being an odd integer, and
K↑↑ being any integer. Note that we call particles “bosons” or “fermions” with regard to their braiding statistics
amongst themselves. As discussed in Ref. [54], the composite fermions in the top layer have the effective filing factors
ν↑,eff =
ν↑
1− (K↑↑ − 1) ν↑ − q↓q↑ K↑↓ ν↓
, (14)
which for ν↑,eff = 1 and q↑ = q↓ = e agrees with the filling factor constraint found in Eq. (2) of the main text using
the coupled-wire approach. More generally, a semi-quantized quantum Hall state corresponds to an integer quantum
Hall state of the composite fermions in one of the layers (the top layer in our model). The experimentally observed
semi-quantized quantum Hall states for example live at filing factor ν↑,eff = 2. As argued in Ref. [54], the Hall
response of the composite fermions in the top layer is quantized if only the top layer is driven, reflecting the fact that
the composite fermions in that layer form a gapped quantum Hall state. The constraint that the bottom layer does
not carry a current leads to a quantized Hall drag resistance [54].
6We now go beyond these arguments put forward in Ref. [54], and derive the full low-energy theory also in a
continuum flux attachment picture. It turns out that a composite boson picture is more appropriate for that purpose
than a composite fermion picture. A quantum Hall state corresponds to a situation in which the effective magnetic
field seen by the composite bosons is zero [70]. In that case, the system may form a superfluid coupled to the external
electromagnetic field and a statistical gauge field. The Higgs mechanism then “eats up” the gapless Goldstone mode
and leads to an incompressible state (here, the sector described by the composite bosons will become incompressible)
[71].
Our starting point are two isotropic and homogenous layers containing spin-polarized electrons. While the electrons
are considered to interact strongly between each other (both within each layer, and between the layers), no tunnelling
is allowed between the layers. In an external magnetic field in z-direction, the second quantized Hamiltonian modelling
this system reads [72]
H =
∑
σ=↑,↓
∫
d2xψ†σ(x)
(
(−i∂i + qσAi)2
2m
+ qσA0 − µ
)
ψσ(x)
+
1
2
∫
d2x δρˆ↑(x)V (x − y)δρˆ↑(y) +
∫
d2x δρˆ↑(x)V˜ (x− y)δρˆ↓(y), (15)
where the index ↑ (↓) labels electrons in top (bottom) layer, A is the electromagnetic potential, µ is the chemical
potential, qσ is charge of the electrons in layer σ, ψσ is an electron annihilation operators that layer, the repulsive
intra (inter) layer interaction is V (V˜ ), and δρˆσ = ρˆσ − ρσ,0 is the electronic density in layer σ measured relative to
a reference density ρσ,0. The index i runs over the spatial coordinates i = 1, 2, and all vector fields are written in a
covariant form using the summation notation.
At first, we apply a flux attachment transformation that maps the top layer electrons to composite hardcore bosons
by attaching an odd number K↑↑ of intralayer fluxes in the top layer, and an integer number K↑↓ of interlayer fluxes
to both layers. The transformed Hamiltonian reads
H =
∫
d2x φˆ†(x)
(
(−i∂i + q↑Ai + aˆ↑i [ρˆ↑, ρˆ↓])2
2m
+ q↑A0 − µ
)
φˆ(x)
]
+
∫
d2x ψˆ†(x)
(
(−i∂i + q↓Ai + aˆ↓i [ρˆ↑, ρˆ↓])2
2m
+ q↓A0 − µ
)
ψˆ(x) +Hint, (16)
where φˆ denotes the composite boson annihilation operator in the top layer, while ψˆ is the composite fermion annihi-
lation operator in the bottom layer. This transformation is nonlocal, as reflected by the shorthands aˆσi [ρˆ↑, ρˆ↓] being
functionals of the original electronic operators that satisfy
ǫij∂ia
↑
j [ρˆ↑, ρˆ↓] = −2πK↑↑ρˆ↑ − 2πK↑↓ρˆ↓, (17a)
ǫij∂ia
↓
j [ρˆ↑, ρˆ↓] = −2πK↑↓ρˆ↑. (17b)
We then go to a functional integral picture, and promote aˆσi to emergent gauge fields by introducing Lagrangian
multiplier fields aσ0 enforcing the constraints in Eqs. (17). The gauge-invariant extension of the resulting theory reads
S = SCB + SCF + SCS + Shc + Sint, (18a)
SCB =
∫
d(2+1)x φ¯
(
i∂0 − q↑A0 − a↑0 −
(−i∂i + q↑Ai + a↑i )2
2m
+ µ
)
φ, (18b)
SCF =
∫
d(2+1)x ψ¯
(
i∂0 − q↓A0 − a↓0 −
(−i∂i + q↓Ai + a↓i )2
2m
+ µ
)
ψ, (18c)
SCS = − 1
4πK↑↓
∫
d(2+1)xǫµνλa↓µ∂νa
↑
λ +
K↑↑
4πK2↑↓
∫
d(2+1)xǫµνλa↓µ∂νa
↓
λ −
1
4πK↑↓
∫
d(2+1)xǫµνλa↑µ∂νa
↓
λ, (18d)
Shc = −
∫
d(2+1)x
(
λ1 (φ¯φ)
2 + λ2 ψ¯ψ φ¯φ
)
, (18e)
where Shc describes the bosonic hard-core interaction, and Sint contains the interactions V and V˜ . Note that actual
calculations using this emergent gauge theory require gauge-fixing, which we have dropped for clarity as usual.
7Next, we perform an exact transformation for the composite bosons following Ref. [67],
φ(x) =
√
ρ↑(x)e
iϕ(x)φv(x) and φ¯(x) =
√
ρ↑(x)e
−iϕ(x)φ†v(x), (19)
where the smooth part of the phase is denoted by ϕ, while φv(x) will describe vortex configurations of the phase
(with φ†v(x)φv(x) = 1). This transformation yields an efficient description of the low-energy physics if the amplitude√
ρ↑ and the phases are physically relevant quantities, i.e. when the composite bosons in the top layer form a Bose
condensate. In the usual treatment of quantum Hall states, one can infer the filling factors at which such a Bose
condensate is stable from a mean-field analysis. In our case, this analysis is somewhat complicated by the fact that
the composite bosons are still coupled to gapless fermionic degrees of freedom in the bottom layer. Motivated by the
experimental observation that semi-quantized quantum Hall state feature an incompressible subsector, however, we
from now on assume that we are in a situation where the composite bosons condense, and substitute Eq. (19) into
Eq. (18). Neglecting derivatives of ρ↑ based on the assumption that the composite bosons are condensed, the bosonic
sector of the theory is described by an action
∫
d2+1x (Lφ + Lφ,int) with
Lφ + Lφ,int = ρ↑(−∂0ϕ+ iφ†v∂0φv − q↑A0 − a↑0)− ρ↑
(∂iϕ− iφ†v∂iφv + q↑Ai + a↑i )2
2m
− 1
2
δρ↑V δρ↑ − δρ↑V˜ δρ↓ + µρ↑ − λ1ρ2↑ − λ2ρ↑ρ↓. (20)
We then perform the Hubbard-Stratonovich-transformation [67]
− ρ↑ (∂iϕ− iφ
†
v∂iφv + q↑Ai + a
↑
i )
2
2m
→ − m
2ρ↑
J iJi − J i(∂iϕ− iφ†v∂iφv + q↑Ai + a↑i ) (21)
where Ji is a bosonic Hubbard-Stratonovich field. Integrating out the field ϕ shows that the Hubbard-Stratonovich
field satisfies the continuity equation ∂µJ
µ = 0, where we defined J0 = ρ↑ (greek indices run the full space-time and
thus take values 0, 1, 2). We can automatically satisfy this constraint by introducing yet another gauge field α that
relates to J as Jµ = ǫµνλ∂ναλ/2π. We plug this definition into the action, and neglect terms that contain α and more
than one derivative. This yields
Lφ + Lφ,int = −αµjµqp +
1
2π
ǫµνλαµ∂ν(−q↑Aλ − α↑λ)− δρ↑V˜ δρ↓ + µρ↑ − λ2ρ↑ρ↓, (22)
where we defined the 3-current jµqp =
1
2πiǫ
µνλ∂ν(φ
†
v∂λφv), which physically corresponds to the 3-current of quasipar-
ticles in the gapped sector [67]. The emergent statistical gauge field a↑µ enters the total action only linearly. When
we integrate it out, we obtain the constraint
ǫµνλ∂ναλ = − 1
K↑↓
ǫµνλ∂νa
↓
µ. (23)
Next, we also integrate over the field a↓µ. By virtue of the constraint in Eq. (23), this leads to S =
∫
dxL with
L = −αµjµqp −
q↑
2π
ǫµνλAµ∂ναλ +
K↑↑
4π
ǫµνλαµ∂ναλ
+ ψ¯
(
i∂0 − q↓A0 +K↑↓ α0 − (−i∂i + q↓Ai −K↑↓ αi)
2
2m
+ µ
)
ψ
+ Lints, (24)
where Lints comprises all remaining interaction terms. Upon shifting the emergent gauge field as βµ = αµ −
Aµ (q↑/K↑↑), we obtain the action
L =− βµjµqp +
K↑↑
4π
ǫµνλβµ∂νβλ
− q↑
K↑↑
jµqpAµ −
q2↑
4πK↑↑
ǫµνλAµ∂νAλ
+ ψ¯
(
i∂0 − q∗↓A0 +K↑↓ β0 −
(−i∂i + q∗↓Ai −K↑↓ βi)2
2m
+ µ
)
ψ
+ Lints. (25)
8where q∗↓ = q↓− q↑K↑↓/K↑↑. As announced, the universal topological low-energy part of this action matches Eq. (10)
of the main text obtained from a coupled-wire construction.
COUPLED-WIRE CONSTRUCTION: TRANSFORMATION TO THE DUAL VORTEX PICTURE
In this section, we provide some additional details on how the bilayer of quantum wires is transformed to a composite
boson picture in the top layer, to which then a vortex duality transformation is applied. These transformations are
exact, and have been introduced in Refs. [63, 64] for single-layer systems. To generalize the transformations to
quantum Hall bilayers, we first transform the action to a “diagonal basis” by rewriting it in terms of operators that
commute between the gapped and gapless sectors. Starting point is the initial action of the bilayer system using the
fields that were introduced in Ref. [56] for Halperin bilayer states,
Φ˜Rj↑ = (m↑ + 1)ΦRj↑ −m↑ΦLj↑ + n1(ΦRj↓ − ΦLj↓) , (26a)
Φ˜Lj↑ = (m↑ + 1)ΦLj↑ −m↑ΦRj↑ − n2(ΦRj↓ − ΦLj↓) , (26b)
Φ˜Rj↓ = (m↓ + 1)ΦRj↓ −m↓ΦLj↓ + n2(ΦRj↑ − ΦLj↑) , (26c)
Φ˜Lj↓ = (m↓ + 1)ΦLj↓ −m↓ΦRj↓ − n1(ΦRj↑ − ΦLj↑) , (26d)
which obey
[Φ˜rjσ(x), Φ˜r′j′σ′(x
′)] = δrr′δjj′Kσσ′ iπrˆ sgn(x − x′) , (27)
where the K-matrix reads
K =
(
K↑↑ K↑↓
K↑↓ K↓↓
)
=
(
1 + 2m↑ n1 + n2
n1 + n2 1 + 2m↓
)
. (28)
Note that the K-matrix satisfies KT = K. The values of m↑, n1, and n2 are dictated by the correlated backscattering
processes gj+1/2↑. The value of m↓ is at this point undetermined and will drop out of all relevant quantities. With
these initial definitions, the Luttinger liquid action of the bilayer system is
S =
∑
σ=↑,↓
S2,σ + Sfs + SSG, (29)
S2,σ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθjσ + qσA0,j)(∂xφjσ)− uσ
2π
(∂xφjσ)
2 − vσ
2π
(∂xθjσ)
2
]
, (30)
SSG =
∫ ∫
dtdx
∑
j
(−g↑,kj+1/2) cos
(
Φ˜Rj↑ − Φ˜Lj+1↑ − q↑ ℓy Ay,j+1/2
)
, (31)
where Sfs contains forward scattering interactions to be detailed below. The “diagonal basis” is then given by the
fields Φ˜rj↑(x) and Θrj↓(x) defined as
Θrj↓ = K
−1
↓↑ Φ˜rj↑ +K
−1
↓↓ Φ˜rj↓ . (32)
which obey
[Θrj↓(x),Θr′k′↓(x
′)] = δrr′δkk′ K
−1
↓↓ iπrˆ sgn(x − x′). (33)
These fields define a diagonal basis in the sense that the commutator of the fields is layer-diagonal,
[Φ˜rj↑(x),Θr′j′↓(x
′)] = 0. Operators containing only the fields Θrj↓ thus do not affect the ↑-sector. Introducing
9the effective charge q∗↓ = q↓ − K↑↓K↑↑ q↑ and
φ̂j↑(x) =
Φ˜Rj↑(x)− Φ˜Lj↑(x)
2
, (34)
θ̂j↑(x) =
−Φ˜Rj↑(x) − Φ˜Lj↑(x)
2
, (35)
φ̂j↓(x) =
ΘRj↓(x) −ΘLj↓(x)
2
, (36)
θ̂j↓(x) =
−ΘRj↓(x) −ΘLj↓(x)
2
, (37)
as well as choosing the forward scattering terms in Sfs appropriately, the action takes the form
S =
∑
σ=↑,↓
S2,σ + Sfs + SSG = Ŝ2,σ + SSG, (38)
Ŝ2,↑ =
∫ ∫
dtdx
∑
j
[
1
πK↑↑
(∂tθ̂j↑ + q↑A0,j)(∂xφ̂j↑)− û↑
2π
(∂xφ̂j↑)
2 − v̂↑
2π
(∂xθ̂j↑)
2
]
, (39)
Ŝ2,↓ =
∫ ∫
dtdx
∑
j
[
1
πK−1↓↓
(∂tθ̂j↓ +K
−1
↓↓ q
∗
↓A0,j)(∂xφ̂j↓)−
û↓
2π
(∂xφ̂j↓)
2 − v̂↓
2π
(∂xθ̂j↓)
2
]
, (40)
SSG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
Φ˜Rj↑ − Φ˜Lj+1↑ − q↑ℓy Ay,j+1/2
)
. (41)
Composite boson picture for the ↑-degrees of freedom
Next, we define composite boson fields in the ↑-layer. Following Refs. 63 and 64, this is done by introducing
φCBj (x) =
1
K↑↑
Φ˜Rj↑(x) − Φ˜Lj↑(x)
2
=
1
K↑↑
φ̂j↑(x), (42)
θCBj (x) = −
Φ˜Rj↑(x) + Φ˜Lj↑(x)
2
−
∑
j′ 6=j
sgn(j′ − j) Φ˜Rj′↑(x)− Φ˜Lj′↑(x)
2
= θ̂j↑ −K↑↑
∑
j′ 6=j
sgn(j′ − j)φCBj′ , (43)
The action can now be written as
S =
∑
σ=↑,↓
S2,σ + Sfs + SSG =
∑
σ
Ŝ2,σ + SSG = S2,CB + Ŝ2,↓ + SSG, (44)
S2,CB =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ
CB
k + q↑A0,j)(∂xφCBk )−
uCB
2π
(∂xφ
CB
k )
2 − vCB
2π
(∂xθ
CB
k + ak)
2
]
, (45)
Ŝ2,↓ =
∫ ∫
dtdx
∑
j
[
1
πK−1↓↓
(∂tθ̂j↓ +K
−1
↓↓ q
∗
↓A0,j)(∂xφ̂j↓)−
û↓
2π
(∂xφ̂j↓)
2 − v̂↓
2π
(∂xθ̂j↓)
2
]
, (46)
SSG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
θCBk+1 − θCBk − q↑ℓyAy,j+1/2
)
. (47)
where we have introduced the abbreviation
aj =
∑
j′ 6=j
sgn(j′ − j) ∂xφ̂j′↑(x) = K↑↑
∑
j′ 6=j
sgn(j′ − j) ∂xφCBj′ (x) , (48)
as well as
uCB = K
2
↑↑ û↑ and vCB = v̂↑ . (49)
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Vortex duality transformation
Our next step is to perform the vortex duality transformation in the ↑-sector by defining [63, 64]
φVCBj+1/2(x) =
θCBj+1(x) − θCBj (x)
2
, (50)
θVCBj+1/2(x) =
∑
j′
sgn(j′ − j − 1/2)φCBj′ (x). (51)
We furthermore introduce
α˜j = − 1
K↑↑
∑
j′
sgn(j′ − j + 1/2) ∂xφVCBj′+1/2, (52)
which implies α˜j =
1
K↑↑
∂xθ
CB
j (x) and α˜j+1(x)− α˜j(x) = 2K↑↑ ∂xφVCBj+1/2(x). After a bit of algebra, and introducing
Sα˜j+1/2 =
α˜j+1 + α˜j
2
and ∆θVCBj = θ
VCB
j+1/2 − θVCBj−1/2 and ∆A0,j+1/2 = A0,j+1 −A0,j , (53)
the vortex duality implies the replacement S2,CB → S2,VCB with
S2,VCB =
∫ ∫
dtdx
∑
j
[
1
π
(
∂tθ
VCB
j+1/2
)
(∂xφ
VCB
j+1/2) +
1
π
q↑
∆A0,j+1/2
2
(∂xθ
VCB
j+1/2)−
vCB
2π
(
∂xφ
VCB
j+1/2(x)
)2
− uCB −K
2
↑↑vCB
8π
(∂x∆θ
VCB
j )
2 − vCBK
2
↑↑
2π
(
∂xθ
VCB
j+1/2 + Sα˜j+1/2
)2]
. (54)
COUPLED-WIRE CONSTRUCTION: INTER-LAYER FLUX ATTACHMENT AND LOCAL FORM OF
QUASIPARTICLE HOPPING
So far, bottom layer is still described by the fields Θrj↓ introduced in Eq. (32). Because these fields commute with
the fields in the ↑-sector, one might be tempted to define quasiparticle operators in the gapless ↓-sector as
χrj↓
?
= exp{iΘrj↓}. (55)
Hopping between neighbouring wires would then be represented by the operator χ†rj+1↓ χr′j↓, which unfortunately
has a very non-local form. By that, we mean that they cannot be represented by a product of a small number of
original electronic operators within a restricted region of space, since for example
ΘRj↓ −ΘLj+1↓ = K−1↓↓
(
Φ˜Rj↓ − Φ˜Lj+1↓
)
+K−1↓↑
(
Φ˜Rj↑ − Φ˜Lj+1↑
)
.
This is unsatisfactory for two reasons: first, the free parameter m↓ seems to be relevant to this discussion. Second,
we would like hopping of quasiparticles to be represented by a local operator in the above sense in order for it to be
generated at a reasonable order in perturbation theory in the electronic tunnelling in the bottom layer and electron-
electron interactions. In addition, we are still missing the interlayer flux attachment. As we show now, the latter
resolves the above issues. We find that the correct transformation that attaches interlayer fluxes to both layers,
preserves the fact that operators in the two sectors commute with one another, and provides a local expression for
quasiparticle hopping is given by
φ˜VCBj+1/2(x)=φ
VCB
j+1/2(x), (56)
θ˜VCBj+1/2(x) = θ
VCB
j+1/2(x) −
K↑↓
K↑↑
∑
j′
sgn(j′ − j − 1/2) φ̂j′↓(x) = θVCBj+1/2(x) +
K−1↓↑
K−1↓↓
∑
j′
sgn(j′ − j − 1/2) φ̂j′↓(x), (57)
φ˜j↓(x)=φ̂j↓(x), (58)
θ˜j↓(x)=
1
K−1↓↓
θ̂j↓(x) +K−1↓↑ ∑
j′
sgn(j′ − j + 1/2)φVCBj′+1/2(x)−K−1↓↑ K↑↓
∑
j′ 6=j
sgn(j′ − j) φ̂j′↓(x)
 , (59)
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where we used K−1↑↓ /K
−1
↓↓ = −K↑↓/K↑↑. These fields obey the canonical commutators
[φ˜VCBj+1/2(x), θ˜
VCB
j′+1/2(x
′)] = δjj′
iπ
2
sgn(x′ − x) and [φ˜j↓(x), θ˜j′↓(x′)] = δjj′ iπ
2
sgn(x′ − x), (60)
while all other commutators vanish.
Backscattering within wires, and tunnelling between wires
We define quasiparticles in the gapless ↓-sector as being created by exponentials of the chiral fields Θ˜′rj↓ = r φ˜j↓−θ˜j↓.
While the creation of an individual quasiparticle is highly non-local in terms of the original fermions, we now show
that backscattering and hopping of these quasiparticles takes local expressions in the above sense: all string factors
completely cancel, and the remaining terms can be written as integer combination of the original electronic fields.
Backscattering of quasiparticles within a wire
Backscattering of quasiparticles within wire j is implemented by exp
{
Θ˜′Rj↓ − Θ˜′Lj↓
}
. To see that this operator
takes a local form in the above sense, we use Eqs. (59), (58), (36), (32) and (26) to obtain
Θ˜′Rj↓ − Θ˜′Lj↓ = 2 φ˜j↓ = 2 φ̂j↓ = 2
ΘRj↓ −ΘLj↓
2
= ΘRj↓ −ΘLj↓ = ΦRj↓ − ΦLj↓. (61)
Backscattering of quasiparticles in the gapless ↓-sector is thus the same as backscattering of the original electrons. This
fits the picture of the gapless quasiparticles as being electrons in the bottom layer glued to Laughlin-like quasiparticles
in the top layer explained in the main text.
Tunnelling of quasiparticles between neighboring wires
Tunnelling of quasiparticles between wires j and j + 1 is in general implemented by exp
{
Θ˜′rj+1↓ − Θ˜′r′j↓
}
. As
for the backscattering, we can rewrite this operator using the definitions of the various fields. We also recall that
K−1K = 1 implies K−1↓↑ K↑↓ +K
−1
↓↓ K↓↓ = 1. With some algebra, we obtain
Θ˜′rj+1↓ − Θ˜′r′j↓ = rˆ φ˜k+1↓ − θ˜k+1↓ − rˆ′ φ˜j↓ + θ˜j↓
=
(
rˆ φ˜k+1↓ − rˆ′ φ˜j↓
)
−
(
Φ˜Rj↓ − Φ˜Lj+1↓
)
− K
−1
↓↑ K↑↓ − 1
K−1↓↓
(
φ̂j+1↓ + φ̂j↓
)
(62)
= Φrj+1↓ − Φr′j↓ − n2 (ΦRj↑ − ΦLj↑)− n1(ΦRj+1↑ − ΦLj+1↑). (63)
We thus find that the quasiparticles defined by exponentials of the new chiral fields Θ˜′rj↓ are tunnelled by local
operators involving the hopping of an electron in the ↓-layer and the backscattering of electrons in the ↑-layer. Since
the tunnelling of Laughlin-like quasiparticles in the top layer is implemented by backscatterings of the original electrons
there [61], this also fits the picture of the gapless quasiparticles as composites of electrons in the bottom layer and
Laughlin-like quasiparticles in the top layer.
Transformation of the action
To find the low-energy action of semi-quantized quantum Hall states, we plug to the fields introduced in Eqs. (56)
through (59) into the action. In doing so, it turns out to be convenient to introduce a short-hand notation for the
string factor appearing in the definition of θ˜j↓. We thus define
αj(x) = − 1
K↑↑
∑
j′
sgn(j′ − j + 1/2) ∂xφVCBj′+1/2(x) +
K↑↓
K↑↑
∑
j′ 6=j
sgn(j′ − j) ∂xφ̂j′↓(x). (64)
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Note that αj(x) commutes with itself at different positions. Defining ∆φ˜j+1/2↓(x) = φ˜j+1↓(x) − φ˜j↓(x) and
∆θ˜VCBj (x) = ∆θ˜
VCB
j+1/2(x)−∆θ˜VCBj−1/2(x), we find that the action transforms as
S = S˜ ′2,VCB + S˜ ′2,↓ + S˜SG, (65)
S˜ ′2,↓ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ˜j↓ + q
∗
↓A0,j)(∂xφ˜j↓)−
û↓
2π
(∂xφ˜j↓)
2 − v˜↓
2π
(∂xθ˜j↓(x)−K↑↓ αj)2
]
, (66)
S˜SG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
2φ˜VCBj+1/2(x) − q↑ℓyAy,j+1/2
)
, (67)
where we introduced v˜↓ = v̂↓
(
K−1↓↓
)2
, and have
S˜ ′2,VCB =
∫ ∫
dtdx
∑
j
[
1
π
(
∂tθ˜
VCB
j+1/2
)
(∂xφ˜
VCB
j+1/2) +
1
π
q↑
∆A0,j+1/2
2
(∂xθ˜
VCB
j+1/2) +
1
π
q↑A0,j K↑↓
K↑↑
∂xφ˜j↓
− uCB −K
2
↑↑vCB
8π
(
∂x∆θ˜
VCB
j (x)− 2
K↑↓
K↑↑
∂xφ˜j↓(x)
)2
− vCBK
2
↑↑
2π
(
∂xθ˜
VCB
j+1/2(x) + Sαj+1/2(x) +
K↑↓
K↑↑
∂x
∆φ˜↓j+1/2(x)
2
)2
− vCB
2π
(∂xφ˜
VCB
j+1/2(x))
2
]
. (68)
Due to the definition of αj , the action is now highly non-local. We can remedy this fact by the introduction of an
emergent gauge field αj,µ, for which we initially choose the gauge
αj,2 = 0, (69)
and enforce that
αj,1
!
= − 1
K↑↑
∑
j′
sgn(j′ − j + 1/2) ∂xφ˜VCBj′+1/2 +
K↑↓
K↑↑
∑
j′ 6=j
sgn(j′ − j) ∂xφ˜j′↓(x). (70)
We enforce the constraint via a Lagrange multiplier that we absorb into S˜ ′2,VCB. After some algebra, the action can
be brought to the form
S = S˜2,VCB + S˜2,↓ + S˜SG, (71)
S˜2,↓ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ˜j↓ + q↓A0,j −K↑↓ Sαj,0)(∂xφ˜j↓)− û↓
2π
(∂xφ˜j↓)
2 − v˜↓
2π
(∂xθ˜j↓(x) −K↑↓ αj,1)2
]
, (72)
S˜SG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
2φ˜VCBj+1/2(x)− q↑ℓyAy,j+1/2
)
, (73)
where
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S˜2,VCB =
∫ ∫
dtdx
∑
j
[
1
π
(
∂tθ˜
VCB
j+1/2 + αj+1/2,0
)
(∂xφ˜
VCB
j+1/2)
− uCB −K
2
↑↑vCB
8π
(
∂x∆θ˜
VCB
j − 2
K↑↓
K↑↑
∂xφ˜j↓
)2
− vCBK
2
↑↑
2π
(
∂xθ˜
VCB
j+1/2 + Sαj+1/2,1 +
K↑↓
K↑↑
∂x
∆φ˜↓j+1/2
2
− q↑
2vCBK2↑↑
∆A0,j+1/2
)2
− vCB
2π
(∂xφ˜
VCB
j+1/2)
2 − 1
2π
q↑∆A0,j+1/2 Sαj+1/2,1 + q↑4π
K↑↓
K↑↑
(∆2A0,j) ∂xφ˜j↓
+
q2↑
8πvCBK2↑↑
(
∆2A0,j
) A0,j + 1
2π
K↑↑ (αj+1/2,0 − αj−1/2,0)αj,1
]
. (74)
Here, we used that
∑
j ∆Mj+1/2∆Nj+1/2 = −
∑
j(∆
2Mj)Nj denotes a a discrete version of a second derivative
along y (where we used ∆2Mj = ∆Mj+1/2 −∆Mj−1/2 =Mj+1 −Mj−1).
Low energy effective theory
We are now interested in the strong coupling phase of the sine-Gordon term, for which the fields φ˜VCBj+1/2 are pinned
in a mean field approximation. We begin by integrating out the fields θ˜VCBj+1/2 that are canonically conjugate to the
pinned fields. To that end, we split the action S˜2,VCB into parts containing θ˜VCBj+1/2, and the rest as
S˜2,VCB = S˜(1)2,VCB + S˜(2)2,VCB (75)
with
S˜(1)2,VCB =
∫ ∫
dtdx
∑
j
[
1
π
(
∂tφ˜
VCB
j+1/2 −
uCB −K2↑↑vCB
2
K↑↓
K↑↑
∂x∆φ˜
↓
j+1/2
) (
∂xθ˜
VCB
j+1/2
)
− uCB −K
2
↑↑vCB
8π
(
∂x∆θ˜
VCB
j
)2
− uCB −K
2
↑↑vCB
2π
K2↑↓
K2↑↑
(
∂xφ˜j↓
)2
− vCBK
2
↑↑
2π
(
∂xθ˜
VCB
j+1/2 + Sαj+1/2,1 +
K↑↓
2K↑↑
∂x∆φ˜
↓
j+1/2 −
q↑
2vCBK2↑↑
∆A0,j+1/2
)2]
. (76)
and
S˜(2)2,VCB =
∫ ∫
dtdx
∑
j
[
1
π
αj+1/2,0 (∂xφ˜
VCB
j+1/2)
− vCB
2π
(∂xφ˜
VCB
j+1/2)
2 − 1
2π
q↑∆A0,j+1/2 Sαj+1/2,1 + q↑
4π
K↑↓
K↑↑
(∆2A0,j) ∂xφ˜j↓
+
q2↑
8πvCBK2↑↑
(
∆2A0,j
) A0,j + 1
2π
K↑↑ (αj+1/2,0 − αj−1/2,0)αj,1
]
. (77)
Next, we perform a discrete Fourier transformation along y. Using the definition Q2 = 2 (1 − cos(qa)), the action
S˜(1)2,VCB can be rewritten as
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S˜(1)2,VCB =
∫ ∫
dtdx
∑
q
[
1
2π
(
∂tφ˜
VCB(q)− uCB −K
2
↑↑vCB
2
K↑↓
K↑↑
∂x∆φ˜
↓(q)
) (
∂xθ˜
VCB(−q)
)
+
1
2π
(
∂tφ˜
VCB(−q)− uCB −K
2
↑↑vCB
2
K↑↓
K↑↑
∂x∆φ˜
↓(−q)
) (
∂xθ˜
VCB(q)
)
− uCB −K
2
↑↑vCB
8π
Q2
(
∂xθ˜
VCB(q)
) (
∂xθ˜
VCB(−q)
)
− uCB −K
2
↑↑vCB
2π
K2↑↓
K2↑↑
(
∂xφ˜
↓(q)
) (
∂xφ˜
↓(−q)
)
− vCBK
2
↑↑
2π
(
∂xθ˜
VCB(q) + Sα1(q) +
K↑↓
2K↑↑
∂x∆φ˜
↓(q)− q↑
2vCBK2↑↑
∆A0(q)
)
×
(
∂xθ˜
VCB(−q) + Sα1(−q) + K↑↓
2K↑↑
∂x∆φ˜
↓(−q)− q↑
2vCBK2↑↑
∆A0(−q)
)]
(78)
We are now in the position to integrate out the field θ˜VCB. Here, the first approximation of our theory comes into
play: we keep terms that at most contain two derivatives. We thus throw out all terms that contain, in total, three or
more derivatives (including “discrete derivatives” in the y-direction). Next, we further simplify things in the strong-
coupling phase of the sine-Gordon terms: there, we only keep terms involving the pinned field φ˜VCB and at most
a first order of derivatives. As for the emergent gauge field, we focus on the leading terms. Those are of the form
“current × gauge field”. Since the current is a first derivative of the fields φ˜VCB and φ˜↓, this means that we only
keep terms of the emergent gauge field that are at most of first order in derivatives. We then Fourier transform back
to real space, and perform the same approximations for S˜(2)2,VCB. In addition, we drop a constant term
(
∆2A0,j
) A0,j
that does not couple to the fermionic fields anymore. In the end, we can rewrite the action as
S = S˜ ′2,VCB + S˜ ′2,↓ + S˜SG, (79)
S˜ ′2,↓ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ˜j↓ + q↓A0,j −K↑↓ Sαj,0)(∂xφ˜j↓)− û↓
2π
(∂xφ˜j↓)
2 − v˜↓
2π
(∂xθ˜j↓ −K↑↓ αj,1)2
− uCB −K
2
↑↑vCB
2π
K2↑↓
K2↑↑
(
∂xφ˜
↓
j
)2]
, (80)
S˜ ′SG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
2φ˜VCBj+1/2 − q↑ℓy Ay,j+1/2
)
, (81)
S˜ ′2,VCB ≈
∫ ∫
dtdx
∑
j
[
− 1
π
(
∂tφ˜
VCB
j+1/2
)
Sαj+1/2,1
+
1
π
αj+1/2,0 (∂xφ˜
VCB
j+1/2)−
1
2π
q↑∆A0,j+1/2 Sαj+1/2,1 + 1
2π
K↑↑ (αj+1/2,0 − αj−1/2,0)αj,1
]
(82)
In the strong-coupling phase of the sine-Gordon term, the field φ˜VCBj+1/2(x) is pinned to
φ˜VCBj+1/2(x) =
q↑ ℓy
2
Ay,k+1/2. (83)
We thus perform the change of variables
φ˜VCBj+1/2(x) = φ¯
VCB
j+1/2(x) +
q↑ ℓy
2
Ay,k+1/2 = φ¯VCBj+1/2(x)−
q↑ ℓy
2
A2,k+1/2. (84)
In addition, we identify the quasiparticle density and quasiparticle current operators as
j0qp,j+1/2(x) = −
1
πℓy
∂xφ¯
VCB
j+1/2 and j
1
qp,j+1/2(x) =
1
πℓy
∂tφ¯
VCB
j+1/2. (85)
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This brings the action to the form
S = S¯2,VCB + S¯2,↓ + S¯SG, (86)
S¯2,↓ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ˜j↓ + q↓A0,j −K↑↓ Sαj,0)(∂xφ˜j↓)− û↓
2π
(∂xφ˜j↓)
2 − v˜↓
2π
(∂xθ˜j↓(x)−K↑↓ αj,1)2
− uCB −K
2
↑↑vCB
2π
K2↑↓
K2↑↑
(
∂xφ˜
↓
j
)2]
, (87)
S¯SG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
2 φ¯VCBj+1/2(x)
)
, (88)
S¯2,VCB ≈
∫ ∫
dtdx
∑
j
[
−ℓyj1qp,k+1/2 Sαj+1/2,1 +
q↑ ℓy
2π
Sαj+1/2,1 ∂tA2,k+1/2 − q↑a
2π
αj+1/2,0 ∂xA2,k+1/2
− ℓyj0qp,k+1/2 αj+1/2,0 −
1
2π
q↑ Sαj+1/2,1∆A0,j+1/2 + 1
2π
K↑↑ αj,1∆αj,0
]
(89)
We recognize that S¯2,VCB is a discretized version of
S¯cont.2,VCB =
∫
d2+1x
[
−jµqp αµ −
q↑
2π
ǫµνλ αµ ∂νAλ + 1
4π
K↑↑ ǫ
µνλαµ ∂ναλ
]
(90)
in the gauges A1 = 0 and α2 = 0. In total, we thus find that the gauge-invariant extension of the low-energy action
in the continuum limit along the y-direction reads
S ≈ S¯2,↓ + S¯cont.2,VCB + S¯SG, (91)
S¯2,↓ =
∫ ∫
dtdx
∑
j
[
1
π
(∂tθ˜j↓ + q↓A0,j −K↑↓ Sαj,0)(∂xφ˜j↓)− u¯↓
2π
(∂xφ˜j↓)
2 − v¯↓
2π
(∂xθ˜j↓(x) −K↑↓ αj,1)2
]
, (92)
S¯cont.2,VCB =
∫
d2+1x
[
−jµqp αµ −
q↑
2π
ǫµνλ αµ ∂νAλ + 1
4π
K↑↑ ǫ
µνλαµ ∂ναλ
]
, (93)
S¯SG =
∫ ∫
dtdx
∑
j
(−g↑,j+1/2) cos
(
2 φ¯VCBj+1/2(x)
)
, (94)
where
u¯↓ = û↓ +
K2↑↓
K2↑↑
(
uCB −K2↑↑vCB
)
and v¯↓ = v˜↓. (95)
CHARGES OF QUASIPARTICLE EXCITATIONS
In Eq. (93), the charge of the gapless quasiparticles is somewhat obscured by the fact that they couple both directly
to the electromagnetic gauge field A with a charge q↓, and to the emergent gauge field α, which in turn again couples
to the electromagnetic gauge field. The coupling between the emergent gauge field and the gapless quasiparticles thus
mediates an additional channel by which the quasiparticles coupled to the electromagnetic gauge field, which in turn
modifies the charge they have. One way to determine the total electric charge of the quasiparticles is thus to shift the
gauge field as βµ = αµ −Aµ q↑K↑↑ . Plugging this into the action, we obtain
S = S2+1↓ −
∫
d2+1x jµ
(
q∗↓ Aµ −K↑↓ βµ
)
+
∫
d2+1x
[
−jµqp βµ +
1
4π
K↑↑ ǫ
µνλβµ ∂νβλ
]
+
∫
d2+1x
[
− q↑
K↑↑
jµqpAµ −
q2↑
4π
1
K↑↑
ǫµνλAµ ∂νAλ
]
, (96)
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where q∗↓ = q↓ − K↑↓K↑↑ q↑ is the effective charge already introduced above. Since the field β does not couple to the
electromagnetic gauge field anymore, this new gauge field does not mediate an additional coupling channel between
the gapless quasiparticles and the electromagnetic potential, which shows that the effective charge of the gapless
quasiparticles is q∗↓ . At the same time, we see that quasiparticles in the gapped sector couple to the electromagnetic
gauge field with a charge q∗↑ = q↑/K↑↑.
Charge operator
One of the benefits of our coupled-wire construction is that it provides us with microscopic expressions for all
quantities. This in turn provides alternative viewpoints explaining the effective charges q∗σ. The first one is a rewriting
of the charge density using the transformed bosonized fields. In terms of the original electronic fields, the total charge
density is given by
ρ(x) = − 1
πℓy
∑
j,σ
qσ∂xφjσ(x) = − 1
2πℓy
∑
σ
qσ∂x (ΦRjσ(x)− ΦLjσ(x))
= − 1
πℓy
∑
j
(
q↑
K↑↑
∂x
(
Φ˜Rj↑(x)− Φ˜Lj↑(x)
2
)
+
(
q↓ − K↑↓
K↑↑
q↑
)
∂x
(
ΘRj↓(x)−ΘLj↓(x)
2
))
. (97)
Next, we use that ΘRj↓ −ΘLj↓ = Θ˜′Rj↓ − Θ˜′Lj↓ and shift the summation for the first term to obtain
ρ(x) = − 1
2πℓy
∂x
 q↑
K↑↑
∑
j
[
Φ˜Rj↑(x)− Φ˜Lj+1↑(x)
]
+ q∗↓
∑
j
[
Θ˜′Rj↓(x) − Θ˜′Lj↓(x)
]
= − 1
2πℓy
∂x
 q↑
K↑↑
∑
j
2 φ˜VCBj+1/2(x) + q
∗
↓
∑
j
[
Θ˜′Rj↓(x) − Θ˜′Lj↓(x)
] . (98)
In the gapped sector, a quasiparticle is associated with a 2π-kink in one of the sine-Gordon terms. Eq. (98) shows that
such a kink indeed carries a charge q∗↑ = q↑/K↑↑. Furthermore, a quasiparticle in the gapless sector is created by an
operator ∼ exp
{
Θ˜′rj↓
}
. Commuting this operator with the charge density operator shows that such a quasiparticle
carries a charge q∗↓ , in agreement with the above result.
Electron creation and annihilation operators
It is also interesting to re-express the electronic creation and annihilation operators in the basis of the new fields.
With some straightforward but tedious algebra, one finds
Φrj↓ = r φj↓ − θj↓ = r φ˜↓j − θ˜↓j − n1 θ˜VCBj+1/2 − n2 θ˜VCBj−1/2 . (99)
Since an exponential of r φ˜↓j − θ˜↓j creates a quasiparticle in the gapless sector, while an exponential of θ˜VCBj+1/2 creates
a quasiparticle in the gapped sector, this tells us that creating an electron is equivalent to creating a quasiparticle in
the gapless sector and n1 + n2 = K↓↑ quasiparticles in the gapped sector. Since an electron carries charge q↓, and
because quasiparticles in the gapped sector have charge q↑/K↑↑, the quasiparticles in the gapless sector must carry
charge q∗↓ = q↓ −K↓↑ × q↑K↑↑ , in agreement with the earlier findings.
ELECTROMAGNETIC RESPONSE
To calculate the electro-magnetic responses of a semi-quantized quantum Hall state, in particular its Hall and Hall
drag responses, we need to keep track of charges and electric fields in both layer separately. We did not keep track
of the layer-resolved electric field up to here, but since the potentials couple to the other fields via the charge qσ, we
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can simply replace qσ Aµ → qσ Aµ,σ to resolve the fields in each layer. The background Hall current in the gapped
↑-sector follows from
jµ↑,Hall = −
δ
δAµ,↑
∫
d2+1x
(
− 1
4π
q2↑
K↑↑
ǫµνλAµ,↑ ∂νAλ↑
)
=
1
2π
q2↑
K↑↑
ǫµνλ ∂νAλ,↑. (100)
The gapless sector is described by composite fermions that couple to the combination of fields q∗↓ Aµ → q↓Aµ,↓ −
K↑↓
K↑↑
q↑Aµ,↑. We can thus split the current of the composite quasiparticles into its contributions in the two layers as
jµCQP,↓ = −
δ
δAµ,↓
∫
d2+1x
(
. . .− Ψ¯ E [−i∂µ + q∗↓ Aµ −K↑↓ βµ] Ψ)︸ ︷︷ ︸
=SCQP↔A
= −δSCF↔A
δ(q∗↓Aµ)
d(q∗↓Aµ)
dAµ,↓
=
δSCF↔A
δ(q∗↓Aµ)
q↓ (101)
and, similarly,
jµCQP,↓ =
δSCQP↔A
δ(q∗↓Aµ)
K↑↓
K↑↑
q↑. (102)
Defining jµCQP,0 = −q↓ δSCF↔Aδ(q∗
↓
Aµ)
, we have jµCQP,↓ = j
µ
CF,0 and j
µ
CF,↓ = − q↑q↓
K↑↓
K↑↑
jµCF,0.
Current responses if one layer is driven and the other layer is disconnected: perfect drag
We now focus on the electric response of a semi-quantized quantum Hall state in an experiment in which both
layers can be independently driven and measured, similar to the setups reported in Refs. [54, 73]. The total current
flowing in the top layer is composed of the background Hall response of the gapped sector, plus a contribution of the
gapless composite quasiparticles. The current in the bottom layer, on the other hand, is carried only by the gapless
composite quasiparticles.
Since the composite quasiparticles in the gapless ↓-sector couple to the electromagnetic potential via the combination
of fields q↓Aµ,↓ − K↑↓K↑↑ q↑Aµ,↑, the m-th component of the current of the composite quasiparticles (with m = x, y, not
µ = 1, 2) will linearly respond to electric fields as
jmCQP,0 = σ
mn
CQP
(
En,↓ − q↑
q↓
K↑↓
K↑↑
En,↑
)
, (103)
where En,σ is the n-th component of the electric field in layer σ (with n = x, y), and where the Einstein sum convention
is understood. The conductivity σmnCQP is a non-universal function that depends on the scattering mechanisms in the
gapless layer.
Combining our above results, we find
j↑,m =
1
2π
q2↑
K↑↑
(δmyEx,↑ − δmxEy,↑)− σmnCQP
q↑
q↓
K↑↓
K↑↑
(
En,↓ − q↑
q↓
K↑↓
K↑↑
En,↑
)
, (104)
j↓,m = σ
mn
CQP
(
En,↓ − q↑
q↓
K↑↓
K↑↑
En,↑
)
. (105)
Driving the top layer. At first, we analyze a situation in which the top layer is driven, while the bottom layer is
disconnected. In the steady state, there hence cannot be any current flowing in the bottom layer. From j↓,m = 0, we
find that for σmnCQP 6= 0, this implies
En,↓ =
q↑
q↓
K↑↓
K↑↑
En,↑. (106)
We interpret this result as follows: if an electric field En,↑ is applied to the top layer, the part of the gapless composite
quasiparticles in the gapless ↓-sector that lives in the top layer, i.e. the Laughlin quasiparticles glued to the electrons
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in the bottom layer, is initially accelerated by this field. Since these Laughlin quasiparticles are glued to the electrons
in the ↓-layer, the latter will also start to move. As a result, an initial current will flow in the bottom layer. This
layer is, however, electrically disconnected by assumption. The current in the bottom layer thus eventually hits the
edge, and leads to a charge build-up. The corresponding electric field in the bottom layer opposes the current flow
there. The steady state is reached if the net field felt by the composite quasiparticles (composed of the electric field
in the bottom layer felt by the electrons there, and the field in the top layer felt by the Laughlin quasiparticles there)
vanishes. In this situation, the current in the top layer is then given by
j↑,m =
1
2π
q2↑
K↑↑
(δmyEx,↑ − δmxEy,↑) , (107)
and thus a pure Hall current. For E = Ex eˆx, we thus find that the Hall resistance in the top layer and the Hall drag
resistance in the bottom layer, resulting from driving the top layer with a disconnected bottom layer are
R↑,driveH =
Ex,↑
jy↑
=
h
q2↑
K↑↑ and R
↓,drag
H =
Ex,↑
jy↓
=
h
q↑ q↓
K↑↓, (108)
This response is in line with the argument put forward in Ref. [54]. There, it is argued that the gapless quasiparticles
are composite object resulting from glueing electrons in the bottom layer to fractional quasiparticles in the top layer.
In the steady state, the quasiparticles cannot move (that would correspond to a current in the bottom layer). This
means that the gapless quasiparticles cannot experience a net force in the steady. Hence, the electric fields in the two
layer acting on the two contributions to q∗↓ = q↓ − q↑K↑↑/K↑↓ need to cancel, which in turn implies Eq. (106).
Driving the bottom layer. If the bottom layer is driven, a current j↓,m = σ
mn
CQP
(
En,↓ − q↑q↓
K↑↓
K↑↑
En,↑
)
will flow there
(as mentioned above, the current has some non-universal value reflecting the microscopic scattering mechanisms in
the gapless subsector). If the top layer is electrically disconnected, we must have j↑,m = 0. This condition requires
an induced Hall voltage in the top layer. Namely, the absence of a current in the top layer implies that
1
2π
q2↑
K↑↑
(δmyEx,↑ − δmxEy,↑) = q↑
q↓
K↑↓
K↑↑
j↓,m. (109)
Let us for concreteness analyze the case that the current in the bottom layer flows in y-direction according to
jy↓ = σ
ym
CQP
(
Em,↓ − q↑
q↓
K↑↓
K↑↑
Em,↑
)
, (110)
This implies that 12π
q2↑
K↑↑
Ex,↑ =
q↑
q↓
K↑↓
K↑↑
j↓,y. We can thus again define a Hall drag resistance, now for the top layer,
which equals
R↑,dragH =
Ex,↑
jy↓
=
h
q↑ q↓
K↑↓. (111)
This response is also in agreement with the arguments presented in Ref. [54]: a current in the bottom layer necessarily
is a current of the gapless composite quasiparticles (at least in the linear response regime). Because the quasiparticles
are composed of electrons in the bottom layer and Laughlin quasiparticles in the top layer, this current of quasiparticles
implies a current in the top layer as well. However, the top layer is electrically disconnected, such that it cannot
carry a net current. The bulk current due to the quasiparticle flow must hence be compensated by a Hall current
flowing at the edges of the top layer. In simple pictures, when the composite quasiparticle hits the edge, it splits up:
the electron in the bottom layer hops out of the sample and leads to a net current flow. The Laughlin quasiparticles
in the top layer enter the gapless edge channel, and along the edge flow back to the other side of the sample. This
leads to a population imbalance of the edge channels on the two sides, which in turn translates to an electrochemical
potential difference transverse to the edge channels, and thus a Hall voltage in the top layer.
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A note on thermal transport and the Wiedemann-Franz law
Besides electric transport, semi-quantized quantum Hall states also carry thermal currents. The available low-energy
excitations that carry these thermal currents are the gapless composite quasiparticles of fractional charge q∗↓ , and the
fractional quantum Hall edge state. Due to the fractional nature of both of these, the Wiedemann-Franz law will in
general be violated. How exactly the Wiedemann-Franz law is violated, however, depends on the measurement setup,
e.g. which of the layers are connected electrically and/or thermally. In addition, the perfect interlayer drag in electric
transport heavily relies on the fact that electrons cannot tunnel between layers, i.e. that there is no charge transfer
between layers. While such a situation can experimentally be realized for charge transfer, heat may in general also be
transferred, or at least leak, across the intermediate layers in an experimental bilayer quantum Hall heterostructure.
A detailed study of thermal and thermoelectric transport needs to take all of these effects into account, and is left for
the future.
BRAIDING OF QUASIPARTICLES IN A FULLY GAPPED CHARGE-DENSITY WAVE STATE
the gapless sector can be gapped by various mechanisms, one of which is the formation of a charge-density wave.
In terms of the chiral quasiparticles Ψrj = exp
{
−i Θ˜′rj↓
}
, a charge-density wave state is stabilized by interwire
backscattering of quasiparticles, i.e. by Ψ†Rj ΨLj+h.c. ∼ exp
{
i
(
Θ˜′Rj↓ − Θ˜′Lj↓
)}
+h.c., giving rise to the sine-Gordon
terms
gj,CDW cos
(
Θ˜′Rj↓ − Θ˜′Lj↓
)
= gj,CDW cos
(
ΦRj↓ − ΦLj↓
)
. (112)
If these sine-Gordon terms flow to strong coupling, the system becomes fully gapped (note that the argument of these
sine-Gordon terms commute with themselves at different positions, and with the arguments of the sine-Gordon terms
g↑,j+1/2). The full gap provides an inverse time-scale that protects braiding. Coupled-wire constructions describe
braiding via strings of operators that hop quasiparticles around closed loops [61].
Braiding of quasiparticles in gk+1/2↑ sine-Gordon terms. Quasiparticles in the gk+1/2↑ sine-Gordon terms can be
moved from link k − 1/2 to link k + 1/2 by application of an exponential of
ΘRj↑ −ΘLj↑ = K−1↑↑
(
Φ˜Rj↑ − Φ˜Lj↑
)
+K−1↑↓
(
Φ˜Rj↓ − Φ˜Lj↓
)
= ΦRj↑ − ΦLj↑. (113)
It can be checked by calculating the commutator with the argument of the sine-Gordon term changes Φ˜Rj↑ − Φ˜Lj+1↑
by +2π and Φ˜Rk−1↑ − Φ˜Lj↑ by −2π, while leaving the ↓-sector untouched. Using the definitions of the different fields
as well as K↑↑K
−1
↑↑ +K↑↓K
−1
↑↓ = 1, one can rewrite this operator as
ΘRj↑ −ΘLj↑ = 1
K↑↑
(
Φ˜Rj↑ − Φ˜Lj↑
)
− K↑↓
K↑↑
(ΦRj↓ − ΦLj↓) . (114)
If we now look at a closed braiding path, the total phase we pick up is related to
∑
j on closed loop
[ΘRj↑ −ΘLj↑] =
∑
j on closed loop
1
K↑↑
(
Φ˜Rj↑ − Φ˜Lj↑
)
+
∑
j on closed loop
(
−K↑↓
K↑↑
)
(ΦRj↓ − ΦLj↓)
=
∑
j on closed loop
1
K↑↑
(
Φ˜Rj↑ − Φ˜Lj+1↑
)
+
∑
j on closed loop
(
−K↑↓
K↑↑
)
(ΦRj↓ − ΦLj↓) . (115)
A quasiparticle corresponds to a 2π-kink in the argument of one of the sine-Gordon terms. This tells us that braiding
a quasiparticle in the ↑-sector around another one of these quasiparticles yields a phase
ϕ↑↑ =
1
K↑↑
2π, (116)
while braiding an ↑-quasiparticle around a ↓-quasiparticle yields a phase of
20
ϕ↑↓ = −K↑↓
K↑↑
2π. (117)
These braiding phases are consistent with the picture of the quasiparticles in the initially gapless ↓-sector as being
composed of electrons in the bottom layer and Laughlin-like quasiparticles in the bottom layer, while the emergent
gauge theory discussed in the main text shows that quasiparticles ↑-sector are similar to Laughlin quasiparticles.
Braiding of quasiparticles in gk,CDW sine-Gordon terms. Our discussion of Sec. shows that quasiparticles in the
↓-sector are moved around by exponentials of
Θ˜′rj+1↓ − Θ˜′r′j↓ = ΦRj+1↓ − Φr′k↓ − x4 (ΦRj↑ − ΦLj↑)− x3(ΦRj+1↑ − ΦLj+1↑). (118)
One can check that this operator indeed moves a quasiparticle in the ↓-sector from wire j to wire j + 1 while leaving
the ↑-sector untouched. The phase picked up by a quasiparticle in the ↓-sector is given by
∑
j on closed loop
[Φrj+1↓ − Φr′j↓ − x4 (ΦRj↑ − ΦLj↑)− x3 (ΦRj+1↑ − ΦLj+1↑)]
=
∑
j on closed loop
[Φrj↓ − Φr′k↓ −K↑↓ (ΦRj↑ − ΦLj↑)] =
∑
j on closed loop
[Φrj↓ − Φr′k↓ −K↑↓ (ΘRj↑ − ΘLj↑)]
=
∑
j on closed loop
(
rˆ − rˆ′
2
+
K2↑↓
K↑↑
)
(ΦRj↓ − ΦLj↓) +
∑
j on closed loop
(
−K↑↓
K↑↑
) (
Φ˜Rj↑ − Φ˜Lj+1↑
)
. (119)
This tells us that braiding a quasiparticle in the ↓-sector around another one of these quasiparticles yields a phase
ϕ↓↓ =
(
rˆ − rˆ′
2
+
K2↑↓
K↑↑
)
2π =
K2↑↓
K↑↑
2π mod(2π). (120)
while braiding an ↓-quasiparticle around a ↑-quasiparticle yields a phase of
ϕ↓↑ = −K↑↓
K↑↑
2π. (121)
[1] X.-G. Wen, Advances in Physics 44, 405 (1995).
[2] W. X. Gang, Quantum field theory of many-body systems: from the origin of sound to an origin of light and electrons
(Oxford University Press, Oxford, 2007).
[3] I. Affleck and J. B. Marston, Phys. Rev. B 37, 3774 (1988).
[4] L. B. Ioffe and A. I. Larkin, Phys. Rev. B 39, 8988 (1989).
[5] N. Nagaosa and P. A. Lee, Phys. Rev. Lett. 64, 2450 (1990).
[6] P. A. Lee and N. Nagaosa, Phys. Rev. B 46, 5621 (1992).
[7] B. I. Halperin, P. A. Lee, and N. Read, Phys. Rev. B 47, 7312 (1993).
[8] N. Read and E. Rezayi, Phys. Rev. B 54, 16864 (1996).
[9] N. Read and D. Green, Phys. Rev. B 61, 10267 (2000).
[10] T. Senthil and M. P. A. Fisher, Phys. Rev. B 62, 7850 (2000).
[11] T. Senthil and M. P. A. Fisher, Phys. Rev. B 63, 134521 (2001).
[12] W. Rantner and X.-G. Wen, Phys. Rev. Lett. 86, 3871 (2001).
[13] X. G. Wen and A. Zee, Phys. Rev. B 66, 235110 (2002).
[14] D. Green, arXiv:cond-mat/0202455.
[15] X.-G. Wen, Phys. Rev. B 65, 165113 (2002).
[16] O. I. Motrunich and T. Senthil, Phys. Rev. Lett. 89, 277004 (2002).
[17] S. Qin, J. Lou, L. Sun, and C. Chen, Phys. Rev. Lett. 90, 067202 (2003).
[18] M. Hermele, T. Senthil, M. P. A. Fisher, P. A. Lee, N. Nagaosa, and X.-G. Wen, Phys. Rev. B 70, 214437 (2004).
[19] M. Hermele, M. P. A. Fisher, and L. Balents, Phys. Rev. B 69, 064404 (2004).
21
[20] S.-S. Lee and P. A. Lee, Phys. Rev. Lett. 95, 036403 (2005).
[21] O. I. Motrunich, Phys. Rev. B 72, 045105 (2005).
[22] A. Kitaev, Annals of Physics 321, 2 (2006).
[23] S. H. Simon, E. H. Rezayi, N. R. Cooper, and I. Berdnikov, Phys. Rev. B 75, 075317 (2007).
[24] Y. Ran, M. Hermele, P. A. Lee, and X.-G. Wen, Phys. Rev. Lett. 98, 117205 (2007).
[25] T.-K. Ng and P. A. Lee, Phys. Rev. Lett. 99, 156402 (2007).
[26] N. Read, Phys. Rev. B 79, 245304 (2009).
[27] N. Read, Phys. Rev. B 79, 245304 (2009).
[28] M. Levin and M. P. A. Fisher, Phys. Rev. B 79, 235315 (2009).
[29] R. Thomale, D. P. Arovas, and B. A. Bernevig, Phys. Rev. Lett. 105, 116805 (2010).
[30] M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (2010).
[31] M. Hermanns, N. Regnault, B. A. Bernevig, and E. Ardonne, Phys. Rev. B 83, 241302 (2011).
[32] Y. Iqbal, F. Becca, and D. Poilblanc, Phys. Rev. B 84, 020407 (2011).
[33] C. Ferna´ndez-Gonza´lez, N. Schuch, M. M. Wolf, J. I. Cirac, and D. Pe´rez-Garc´ıa, Phys. Rev. Lett. 109, 260401 (2012).
[34] L. Savary and L. Balents, Phys. Rev. Lett. 108, 037202 (2012).
[35] P. Bonderson and C. Nayak, Phys. Rev. B 87, 195451 (2013).
[36] Y. Iqbal, F. Becca, S. Sorella, and D. Poilblanc, Phys. Rev. B 87, 060405 (2013).
[37] Z. Papic´, Phys. Rev. B 90, 075304 (2014).
[38] W. Witczak-Krempa, M. Knap, and D. Abanin, Phys. Rev. Lett. 113, 136402 (2014).
[39] D. T. Son, Phys. Rev. X 5, 031027 (2015).
[40] C. Wang and T. Senthil, Phys. Rev. B 91, 195109 (2015).
[41] Z. Wang, Physica B: Condensed Matter 475, 80 (2015).
[42] T. Meng, Phys. Rev. B 92, 115152 (2015).
[43] T. Meng, A. G. Grushin, K. Shtengel, and J. H. Bardarson, Phys. Rev. B 94, 155136 (2016).
[44] K. O’Brien, M. Hermanns, and S. Trebst, Phys. Rev. B 93, 085101 (2016).
[45] L. Savary and L. Balents, Reports on Progress in Physics 80, 016502 (2016).
[46] M. A. Metlitski and A. Vishwanath, Phys. Rev. B 93, 245151 (2016).
[47] T. Scaffidi, D. E. Parker, and R. Vasseur, Phys. Rev. X 7, 041048 (2017).
[48] H. J. Liao, Z. Y. Xie, J. Chen, Z. Y. Liu, H. D. Xie, R. Z. Huang, B. Normand, and T. Xiang,
Phys. Rev. Lett. 118, 137202 (2017).
[49] E. Sagi, A. Stern, and D. F. Mross, Phys. Rev. B 98, 201111 (2018).
[50] A. Rasmussen and A. S. Jermyn, Phys. Rev. B 97, 165141 (2018).
[51] L. Zou, C. Wang, and T. Senthil, Phys. Rev. B 97, 195126 (2018).
[52] F. Hotz, A. Tiwari, O. Turker, T. Meng, A. Stern, M. Koch-Janusz, and T. Neupert, arXiv:1907.07695.
[53] S. Raza, A. Sirota, and J. C. Y. Teo, Phys. Rev. X 9, 011039 (2019).
[54] X. Liu, Z. Hao, K. Watanabe, T. Taniguchi, B. I. Halperin, and P. Kim, Nature Physics 15, 893 (2019).
[55] B. I. Halperin, Helv. Phys. Acta 56, 75 (1983).
[56] T. Meng and E. Sela, Phys. Rev. B 90, 235425 (2014).
[57] T. Meng, arXiv:1906.09771.
[58] We use units such that ~ = 1 and c = 1.
[59] T. Giamarchi, Quantum Physics in One Dimension (Oxford University Press, 2003).
[60] C. L. Kane, R. Mukhopadhyay, and T. C. Lubensky, Phys. Rev. Lett. 88, 036401 (2002).
[61] J. C. Y. Teo and C. L. Kane, Phys. Rev. B 89, 085101 (2014).
[62] We choose the metric such that time is t = x0 = x0, while the spatial coordinates are x = x
1 = −x1, and y = x
2 = −x2.
[63] D. F. Mross, J. Alicea, and O. I. Motrunich, Phys. Rev. X 7, 041016 (2017).
[64] Y. Fuji and A. Furusaki, Phys. Rev. B 99, 035130 (2019).
[65] Supplemental material can be found below the main text.
[66] J. von Delft and H. Schoeller, Annalen der Physik 7, 225 (1998).
[67] S. C. Zhang, International Journal of Modern Physics B 06, 25 (1992).
[68] C. Nayak and F. Wilczek, Nuclear Physics B 417, 359 (1994).
[69] C. Nayak and F. Wilczek, Nuclear Physics B 430, 534 (1994).
[70] S. C. Zhang, T. H. Hansson, and S. Kivelson, Phys. Rev. Lett. 62, 82 (1989).
[71] E. Fradkin, Field Theories of Condensed Matter Physics , 2nd ed. (Cambridge University Press, 2013).
[72] Z. F. Ezawa and A. Iwazaki, Phys. Rev. B 47, 7295 (1993).
[73] J. I. A. Li, Q. Shi, Y. Zeng, K. Watanabe, T. Taniguchi, J. Hone, and C. R. Dean, Nature Physics 15, 898 (2019).
